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CRISTINA ACCIARRI AND PAVEL SHUMYATSKY 

Abstract. Let A be an elementary abelian group of order with 
fe > 3 acting on a finite p'-group G. The following results are proved. 

If 7fe_2(CG(a)) is nilpotent of class at most c for any a £ , then 
7fe-2(G) is nilpotent and has {c, fc,p}-bounded nilpotency class. 

If, for some integer d such that 2^* + 2 < fc, the dth derived group of 
Cg{o) is nilpotent of class at most c for any a € then the dth derived 
group G'''^ is nilpotent and has {c, fc,p}-bounded nilpotency class. 

Earlier this was known only in the case where fc < 4. 



1. Introduction 

Let G be a group admitting an action by a group A. We denote by Cg{A) 
the set {x ^ G \ x"" = x for any a G A}, the centrahzer of A in G. In this 
paper we deal with the case where ^ is a noncycHc elementary abelian p- 
group and G is a finite p'-group. Let A"^ denote the set of non-identity 
elements of A. It follows from the classification of finite simple groups that 
if Gcia) is soluble for any a € then so is the group G (see The 
case \A\ > does not require the classification: the result follows from 
Glauberman's theorem on soluble signalizer functors [2]. In certain specific 
situations much more can be said about the structure of G. 

Ward showed that if A has rank at least 3, and if Cg{o) is nilpotent for 
any a € A*, then the group G is nilpotent [7]. Another of Ward's results 
is that if A has rank at least 4, and if Ccia)' is nilpotent for any a € ^4*, 
then the derived group G' is nilpotent [8]. 

Later the second author of the present paper found that if under these 
assumptions Gg{cl) is nilpotent of class at most c (respectively Gg{o)' is 
nilpotent of class at most c) for any a G A"^ , then the nilpotency class of 
G (respectively of G') is {c, p}-bounded [6]. Throughout the article we use 
the term "{a, 6, c, . . . }-bounded" to mean "bounded from above by some 
function depending only on the parameters a, 6, c, ..." . 

Let us denote by ^i{H) the ith term of the lower central series of a group H 
and by i^^*-* the iih term of the derived series of H. In [6j it was conjectured 
that the above results should be a part of a more general phenomenon. 
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Conjecture 1.1. Let A be an elementary abelian group of order with 
k > 3 acting on a finite p' -group G. 

(i) If ^k~2{CG{0')) is nilpotent of class at most c for any a G , then 

^k-2{G) is nilpotent and has {c,k,p} -bounded nilpotency class, 
(a) If, for some integer d such that 2'^ -\-2 <k, the dth derived group of 
Cg{cl) is nilpotent of class at most c for any a € A"^, then the dth 
derived group G^'^^ is nilpotent and has {c,k,p} -bounded nilpotency 
class. 

One indirect evidence in favor of the above conjecture is the result ob- 
tained in |£j that the conjecture is true for Lie algebras. Yet, for long time it 
looked as if the Lie-theoretical result was of no help in dealing with groups. 
However a breakthrough has occured with the introduction in [1] of the con- 
cept of A-special subgroups of a group G. In the present paper we combine 
the use of the subgroups with the Lie-theoretical techniques to show, re- 
spectively in Theorems 13.11 and 14.11 that both parts of Conjecture 11.11 are 
true. 

In the next section we mention some standard results on the coprime 
action of finite groups. We also give the definition of ^-special subgroups 
taken from [Tj as well as remind the reader some general facts about Lie 
algebras associated with groups. In Section 3 these are used in the proof of 
Theorem 13. 1[ In Section 4 we outline the proof of Theorem 14. 1[ 

2. Preliminaries 

We start this section with some well-known facts about coprime automor- 
phisms of finite groups. The next two lemmas can be found in [S'j 5.3.16, 
6.2.2, 6.2.4]. 

Lemma 2.1. Let A be a group of automorphisms of the finite group G with 
{\A\,\G\) = l. 

{1) If N is an A-invariant normal subgroup of G, then 

Cg/n{A) = Gg{A)N/N; 
{2) If H is an A-invariant p-subgroup of G, then H is contained in an 

A-invariant Sylow p-subgroup of G. 

Lemma 2.2. Let p be a prime, G a finite p' -group acted on by an ele- 
mentary abelian p-group A of rank at least 2. Let Ai, . . . , As be the max- 
imal subgroups of A. If H is an A-invariant subgroup of G we have H = 
{Gh{Ai), . . . , Gh{As)). Furthermore if H is nilpotent then H = Yl - CniAi). 

In [l] we have introduced the concept of an A-special subgroup of a group 
G. The definition is as follows. 

Let p be a prime and A a finite elementary abelian p-group acting on a 
finite group G. Let Ai, . . . , As be the subgroups of index p in A and H a 
subgroup of G. We say that H is an ^-special subgroup of G of degree if 
and only if H = GciAj) for suitable j < s. Next, suppose that i > 1 and 
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the A-special subgroups of G of degree i — 1 are already defined. Then H 
is an A-special subgroup of G of degree i if and only if there exist A-special 
subgroups Ji, J2 of G of degree i — 1 such that H = [Ji, J2] n Gci-^j) for 
suitable j < s. 

Here as usual [Ji, J2] denotes the subgroup generated by all commutators 
[x,y] where x € Ji and y € J2. Of course, the ^-special subgroups of G 
are always A-invariant. Assume that A has order p^. It is clear that for 
a given integer i the number of A-special subgroups of G of degree i is 
{i, A;,p}-bounded. 

Recall some properties satisfied by the A-special subgroups of G. The 
proofs can be found in [Ij. 

Proposition 2.3. Let A be an elementary abelian p-group of order p^ with 
k > 2 acting on a finite p' -group G and let Ai, . . . , As be the maximal sub- 
groups of A. Let i > be an integer. 

{1) Ifi^^, then every A-special subgroup of G of degree i is contained 

in some A-special subgroup of G of degree i — 1. 
(2) Let Si be the subgroup generated by all A-special subgroups of G of 

degree i . Then Si = G^^^ . 
{3) If 2^ < k — 1 and H is an A-special subgroup of G of degree i, then 
H is contained in the ith derived group of Cg{B) for some subgroup 
B <A such that \A/B\ < p^'. 

In [1] we have also established the following result about generation of an 
A-invariant Sylow subgroup of G^'^\ 

Theorem 2.4. Let A be an elementary abelian p-group of order p^ with 
k >2 acting on a finite p' -group G. Let r be a prime and R an A-invariant 
Sylow r -subgroup of G^'^\ for some integer d > 0. Let Ri,...,Rt be the 
subgroups of the form RCiH where H ranges through A-special subgroups of 
G of degree d. Then R = {Ri, . . . , Rt). 

The proofs of the main results of the present paper are based on Lie tech- 
niques. Thus, we wish to recall here some useful Lie-theoretic machinery. 
Throughout the paper the term Lie algebra means Lie algebra over an as- 
sociative ring with unity. Let -L be a Lie algebra and let X, Y, Xi, . . . ,Xt 
be subsets of L. We denote by [X, Y] the subspace of L spanned by the set 
{[x, y] I X E X, y e y} and we write [Xi, ...,Xt] for [[Xi, . . . , Xt-i],Xt]. If 
t > 2, we write [X,tY] for [[X,t-i Y],Y]. We denote by (X) the subalgebra 
of L generated by X. 

Let G be a group and let us denote by 7^ the ith term of the lower central 
series of G. The associated Lie algebra L{G) of the group G is defined by 

00 

MG) = 07./7m, 

where we write additively the abelian groups 7j/7j_|_i. Commutation in 
the group G induces a well-defined binary operation with respect to which 
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L{G) becomes a Lie ring (Lie algebra over Z). The details related to this 
construction can be found for example in [5]. If the group G is nilpotent, 
then the Lie algebra L{G) is also nilpotent and has the same nilpotency 
class as G. 

Given a subgroup H of G, we can associate to H the subalgebra 

oo 

L(G,F) = 0(Fn7i)7m/7*+i- 
1=1 

If a group A acts on G, then A acts naturally also on each quotient 
7j/7j+i and this action extends uniquely to an action by automorphisms on 
the whole Lie algebra L[G). Lemma [2.1( l) shows that if {\A\, \G\) = 1, then 

CLiGM) = ^G,M)l^+lh^+l■ 

i 

Therefore in the case where (|^|, |G|) = 1 we have Gi(^q-){A) = L{G, Gg{A)). 
Later on we will require the following lemma. 

Lemma 2.5. Let L be a Lie algebra such that pL = L where p is a prime, 
and let A be a finite elementary abelian p-group acting by automorphisms 
on L. Let ^i,...,^^ be the maximal subgroups of A. Suppose that L is 
generated by A-invariant subspaces Ri, . . . , Rt with the property that for any 
integers i,j and k there exists some integer m such that 

[R^,R,]nGL{Ak) <Rm. 

Then L is spanned by Ri, . . . , Rt- 

Proof. Clearly, L is a linear span of subspaces of the form [it!j^, . . . , 
where Ri-^ , Ri^ , • • • , Ri^ are not necessarily distinct elements of {Ri . . . . ,Rt}. 

So choose Ri-^,Ri2,. . . , Ri^ G {Ri , Rt} and put R = [-Rj^, . . . , Ri^]. It is 

sufficient to show that R is contained in Rj . We argue by induction on 
w. li w = 1, then R = Rj, for some j and there is nothing to prove. Assume 
that w > 2 and put Rq = [i?,^, . . . , i?i„_J. Thus R = [Rq, Ri^]. Since R is 
an j4-invariant subspace it follows from Lemma [2. 21 that R = X]a<s ^ni^x)- 
By the inductive hypothesis Rq < Rj . Therefore we have 

GniAx) = [i?o, RiJ n Gl{Ax) < Rj,RiJ n Gl{Ax) 

j 

<^{[Rj,R,JnGUAx)). 

j 

By the hypothesis each summand [Rj, Ri^] r\GL{Ax) is contained in Rm, for 
some integer m, and so it follows that R < Rj, as desired. □ 

3. Proof of the Main Result 
The aim of this section is to prove part (ii) of Conjecture 11.11 
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Theorem 3.1. Let c be a positive integer, p a prime, and A an elementary 
abelian group of order with A; > 3 acting on a finite p' -group G. If, for 
some integer d such that 2'^ + 2 < k, the dth derived group of Ccia) is 
nilpotent of class at most c for any a G , then the dth derived group 
is nilpotent and has {c,k,p} -bounded nilpotency class. 

First we wish to show that under the hypotheses of the above theorem 
the dth derived group G^'*^ is nilpotent. In what fohows we write F{K) 
for the Fitting subgroup of a group K and 0-,^{K) for the maximal normal 
vr-subgroup of K, where vr is a set of primes. 

Lemma 3.2. Assume the hypotheses of Theorem \3.1[ Then G^^^ is nilpo- 
tent. 

Proof. Suppose that the lemma is false and let G be a counterexample of 
minimal order. Since the dth derived group of Gcia) is nilpotent, it follows 
that Cg{o) is soluble for any a G A*. Therefore Glauberman's result on 
soluble signalizer functors [2] implies that G is soluble. Assume that G 
has two distinct minimal ^-invariant normal subgroups Mi and M2. By 
minimality the image of G'^'^'i in G/Mi and in G/M2 is nilpotent. Thus the 
image of G^'^'> must be nilpotent in the quotient G/{Mi fl M2). This is a 
contradiction since Mi fl M2 = 1. 

Therefore G has a unique minimal j4-invariant normal subgroup M. Again 
the quotient G^'^-' /M is nilpotent. It is clear that M is an elementary abelian 
g-group for some prime q. Let Ai, . . . , As be the maximal subgroups of A. 
By Lemma O M = M1M2 • • • M^, where Mi = GMiA) for i < s. Since 
ig not nilpotent, it is not a g-group. Therefore by Lemma I2.1l f2l G^*^^ 
contains an j4-invariant Sylow r-subgroup R for some prime r ^ q. Theorem 
12.41 tells us that R is generated by its intersections with A-special subgroups 
of degree d. Thus, R = {Ri, . . . , Rt), where Rj = R H Hj for some A- 
special subgroup Hj of G of degree d. Now fix the integers i and j and 
consider the subgroup {Mi, Rj). Since 2°^ < fc — 1 it follows from Proposition 
that Hj is contained in Cg(S)('^) for some subgroup B of A such that 
< p^'*. On the other hand Mj < GciAi) and note that the intersection 
B n Ai is not trivial. Therefore there exists a € A"^ such that Mi < Cg{cl) 
and Hj < Cg{cl)^'^\ It follows that Hj is contained in F^Gcia)). Since Mj 
is contained in a normal abelian subgroup of G and also in Ccia), it follows 
that {Mi,Rj) is nilpotent. Bearing in mind that M is a g-group and R is 
an r-group we deduce that [Mi,Rj] = 1 and this holds for any i,j. Recall 
that M = M1M2 ■■■Ms and R= {Ri,...,Rt). Therefore [M, R] = 1. 

The fact that G'^'^^M is nilpotent implies that also Gg{M) D G^'^) is 
nilpotent. Hence, every g'-element of Gg{M) D G^'^) belongs to Og'{G). On 
the other hand Oqi{G) is trivial since M is the unique minimal ^-invariant 
normal subgroup of G. Thus, we obtain a contradiction as we have just 
shown that R centralizes M. □ 
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Proof of Theoreml3J\ By Lemma [32] G^"^) is nilpotent. Let L = L{G^'^^) 
be the Lie algebra associated with G*-*^^ . Then pL = L and L has the same 
nilpotency class as G*^"^^. The group A naturally acts by automorphisms on 
the Lie algebra L. From the hypothesis that Cg{0')^'^^ is nilpotent of class 
at most c we obtain that Ciia)^'^^ is nilpotent of class at most c for any 
a G A*. 

Let K = L(8)Z[a;], where w is a primitive pth root of unity. Then for each 
i > and a G A# we have 

Gx(a)« = GL(a)«»ZM. 

Hence, the nilpotency of Cl{cl)^'^^ implies that also Ck{cl)^'^^ is nilpotent of 
class at most c for any a G A*. 

We are in the position to apply Theorem 2.7(2) from [6j and conclude 
that K^'^^ is nilpotent of {c, /c,p}-bounded class. The same holds for L^'^). 
Let us denote the nilpotency class of L^'^^ by e. 

By Proposition[231^2) G^'^) = {Hi,H2, . . . ,Ht), where Hi are the A-special 
subgroups of G of degree d. Since 2'^ + 2 < k, Proposition 12.3( 3) tells us 
that each ^-special subgroup Hi of G of degree d is contained in Cg{B)^^\ 
for some subgroup B of A such that |^/-B| < . Let Ai, . . . ,As be the 
maximal subgroups of A. For any Aj the intersection B n Aj is not trivial. 
Thus, there exists a G A"^ such that the centralizer CciAj) is contained in 
Ccia) and Hi is contained in Ccia)^'^^- Since Gg(o)*-''^ is nilpotent of class 
at most c we deduce that 

(1) [CG{Aj),,+iHi] = l. 

Next we define recursively what will be called ^-subalgebras of L. For 
each A-special subgroup Hi of G of degree d we consider the corresponding 
subalgebra L{G^'^\ Hi) of L and we define the A-subalgebras as follows: 

A subalgebra R is an ^-subalgebra of level if and only if i? = L(G^'^^ , Hj) 
for suitable j < t. Next, suppose that I > 1 and the ^-subalgebras of level 
/ — 1 are defined. Then R is an A-subalgebra of level I if and only if there 
exist A-subalgebras -Ri,i?2 of level I — 1 such that R = [Ri,R2] H Gl(Aj) 
for suitable j < s. 

It is clear that every A-subalgebra is ^-invariant and is contained in 
Gl(Aj) for some j < s. Since G^'^) = {Hi, H2, . . . , Ht) it follows that L is 
generated by the A-subalgebras of level 0. It is easy to check that if R is an 
A-subalgebra of level I, then G contains an A-special subgroup H of degree 
d + I such that R < L{G^'^\H). 

It follows from the definition and Proposition [231^1) that for any A-special 
subgroups Ji and J2 and for every j < s there exists an A-special subgroup 
J3 such that 

(2) [Ji,J2]nGG{Aj)<Js. 

From this we deduce the corresponding properties of A-subalgebras. 
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(PI) If Z > 1, then every A-subalgebra of level I is contained in some 

^-subalgebra of level I — 1. 
(P2) If j < s, then for any ^-subalgebras Ri,R2 of level I there exists an 

74-subalgebra of the same level I such that 

[Ri,R2]nCL{Aj)<Rs. 

In the group G we have the relation ([1]). Therefore in the Lie algebra 
we have [CLiAj),c-\-i L{G^'^\ Hi)] = 0. Taking into account that every A- 
subalgebra is contained in some L{G^'^\Hi) and that L = "^jCiiAj) we 
deduce [L^c+iL{G^'''\Hi)\ = 0, and, in particular, 

(3) [L,e+li?] = 

for every ^-subalgebra R. 

Now we wish to show that for any I > the Ith derived algebra L*-'-* is 
spanned by the ^-subalgebras of level I. The property (P2) and Lemma 12.51 
show that this happens if and only if L^'^ is generated by the ^-subalgebras 
of level /. Since L is generated by the A-subalgebras of level 0, this is obvious 
for / = 0. Now assume that / > 1 and use induction on /. The inductive 
hypothesis will be that L^'^^^ is spanned by the ^-subalgebras of level / — 1. 
Let A'^ be the subalgebra of L generated by the ^-subalgebras of level /. We 
already know that in fact N is spanned by the A-subalgebras of level /. Let 
us show that actually is an ideal in L^^^^\ Choose an ^-subalgebra Ri 
of level I and an ^-subalgebra R2 of level / — 1. The properties (PI) and 
(P2) show that [Ri,R2] < N . Since L^"^"^) is spanned by the ^-subalgebras 
of level / — 1, we conclude that indeed N is an ideal in Note that 

L^'-^V^ is abelian. Thus L^'^ = [L^'-^), L^^^)] < N. On the other hand, 
by construction it is clear that N is contained in L^^\ Hence, N = L^^\ 

We will now prove that L is nilpotent of {c, A;,p}-bounded class. Let 
Z = Z{L^'^'i). Then [Z,X,Y] = [Z,Y,X\ for any subsets X,Y of L^'^-^\ 
Set r = cn + 1, where n is the number of ^-subalgebras of level d — 1 and 
note that n is a {/i;,p}-bounded number. Since L*^"'"^^ is spanned by the 
A-subalgebras of level d—1, i.e., L^"^"^^ = Yli<n-^ij write 

(4) [Z,rL^''-'^] = Y,[Z,u, Rl,...,u„Rn], 

where «! + ••• + «„ = r and i?i , . . . , i?„ are the A-subalgebras of level 
d — 1. The number r is big enough to ensure that Uj > c + 1 for some 
j < n. It follows from ([3]) that each summand in ^ is equal to zero. 
Thus [Z,^L(°'-i)] = and Z < Z^(L(^-^)), where Z^(L('^-i)) is the rth 
term of the upper central series of L^'^~^\ Now repeating this argument for 
L('^-i)/Z, L(^-i)/Z2(LW) and so on, we conclude that < Ze^(L(^^i)) 
and therefore L^'^~^^ is nilpotent of class at most er + 1. After that we repeat 
the arguments for L^'^-^) /Z{L^'^-^'>), L^'^-^) /Z2{L^'^~^^) etc. After boundedly 
many repetitions we conclude that L is nilpotent of {c, fc,p}-bounded class. 
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Finally we remark that since the nilpotency class of G^"^^ equals that of 
L, the result follows. The proof is complete. □ 

4. The other part of the conjecture 

In this section we will outline a proof of the following result. 

Theorem 4.1. Let A be an elementary ahelian group of order with k > 
3 acting on a finite p'-group G. If 7fc_2(CG'(a)) is nilpotent of class at 
most c for any a G A*, then 7fc_2(G) is nilpotent and has {a, k,p}-bounded 
nilpotency class. 

The proof of Theorem 14.11 is very similar to that of Theorem 13. li Very 
often the changes that need to be done are quite obvious and therefore we 
omit many details. Most essential difference as compared with Theorem 13. II 
is that the role of ^-special subgroups will now be played by ^-A-special 
subgroups of G. These were introduced in [1]. Let us recall the definition. 

Let p be a prime and A a finite elementary abelian p-group acting on a 
finite group G. Let ^i, . . . , be the subgroups of index p m. A and H a 
subgroup of G. We say that H \s a. 7-A-special subgroup of G of degree 1 if 
and only \{ H = CciAj) for suitable j < s. Next, suppose that i > 2 and the 
7-74-special subgroups of G of degree i — 1 are already defined. Then H is a 
7- ^-special subgroup of G of degree i if and only if there exists a 7- ^-special 
subgroup J of G of degree i — 1 such that H = [J,GG{Aj)] n CciAn) for 
suitable j,n < s. Note that for a given integer i the number of 7-A-special 
subgroups of G of degree i is {i, A;,p}-bounded. The following properties of 
7-yl-special subgroups have been established in [1]. 

Proposition 4.2. Let A be an elementary abelian p-group of order p^ with 
k > 2 acting on a finite p'-group G and Ai, . . . , Ag the maximal subgroups 
of A. Let i > 1 be an integer. 

(1) Ifi ^ 2, then every ^- A- special subgroup ofG of degree i is contained 
in some j-A-special subgroup of G of degree i — 1. 

(2) Let Si be the subgroup generated by all j-A-special subgroups of G 
of degree i. Then Si = 7j(G). 

(3) If i < k — 1 and H is a 'j-A-special subgroup of G of degree i, then 
H < liiCciB)) for some subgroup B < A such that \A/B\ < p*. 

We will also require the following analogue of Lemma 12.51 

Lemma 4.3. Let L be a Lie algebra such that pL = L where p is a prime, 
and let A be a finite elementary abelian p-group acting by automorphisms 
on L. Let Ai, . . . , Ag be the maximal subgroups of A. Suppose that L is 
generated by A-invariant subspaces Ri, . . . , Rt with the property that for any 
integers i,j and k there exists some integer m such that 

[Ri,GLiAj)]nGLiAk)<R^. 

Then L is spanned by Ri, . . . , Rt- 
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Now we sketch out the proof of Theorem 14.11 

Proof of Theorem \4-l\ First, we notice that 7^.2 (G) is nilpotent. The proof 
of the nilpotency of jk-2{G) is similar to that of Lemma 13.21 Next, we let 
L = L(7fe_2(G)) be the Lie algebra associated with ^k-2{G)- Then pL = L 
and L has the same nilpotency class as 7^-2 (G). The group A naturally 
acts by automorphisms on L and, since ^k-2{CG{o)) is nilpotent of class at 
most c, it follows that 7^-2 (C*/, (a)) is nilpotent of class at most c for any 
a € . Put K = L (g) Z[a;], where a; is a primitive pth root of unity. The 
nilpotency of 7fc-2(C'L(a)) implies that also 7^-2 (Gx (a)) is nilpotent of class 
at most c for any a G . Theorem 2.7(1) of [6] now tells us that ■'yk-2{K) 
is nilpotent of {c, /c,p}-bounded class. Hence, also the nilpotency class of 
^k-2{L) is {c, A;,p}-bounded. We denote the nilpotency class of ^k-2{L) by 
e. 

Let Hi^ H2, . . . ,Hthe the 7- ^-special subgroups of G of degree k — 2. By 
Proposition [42l2) 7fe_2(G) = {Hi,H2,..., Ht). Since k-2<k-l, Propo- 
sition 14.2( 3) tells us that each subgroup Hi is contained in ^k-2{GG{B)) 
for some subgroup B A such that |^/-B| < p^~^. Let Ai, . . . ,As be the 
maximal subgroups of A. For any Aj the intersection B n Aj is not trivial. 
Thus, there exists a € A"^ such that the centralizer CciAj) is contained in 
Ccia) and Hi is contained in 7^-2 (Cg (a)). Since 7^-2(^0(0)) is nilpotent 
of class at most c, we have 

(5) [GG{Aj),,+iHi] = l. 

Next, we define recursively what will be called 7-A-subalgebras of L. The 
definition is similar to that of ^-subalgebras used in the previous section. 

For each 7- A-special subgroup Hi of G of degree k — 2 we consider the cor- 
responding subalgebra L(7fc_2(G), Hi). A subalgebra i? is a 7-A-subalgebra 
of level 1 if and only if there exists j < t such that R = L('yk-2{G), Hj). 
Further, suppose that / > 2 and the 7-A-subalgebras of level I — 1 are already 
defined. Then R is a. 7-74-subalgebra of level I if and only if there exists a 
7-74-subalgebra Ri of level I — 1 such that R = [Ri,CL{Aj)] n GL{Am) for 
suitable j,m < s. 

Since ([5]) holds in the group G, we deduce that [L, c+i R] = for every 
7-74-subalgebra R. Furthermore, using Lemma 14.31 one can show that for 
every I > 1 the Ith term jii^L) of the lower central series of L is spanned by 
the 7-74-subalgebras of level I. 

Finally, we use the above remarks to prove that L is nilpotent of {c, k,p}- 
bounded class. This part of the proof is pretty much the same as that of 
Theorem 13. 11 Since ^k-2{G) has the same nilpotency class as L, the theorem 
follows. □ 
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